In order to improve the dynamic quality of traditional sliding mode control for an active suspension system, an optimal sliding mode control (OSMC) based on a genetic algorithm (GA) is proposed. First, the overall structure and control principle of the active suspension system are introduced. Second, the mathematical model of the quarter car active suspension system is established. Third, a sliding mode control (SMC) controller is designed to manipulate the active force to control the active suspension system. Fourth, GA is applied to optimize the weight coefficients of an SMC switching function and the parameters of the control law. Finally, the simulation model is built based on MATLAB/Simulink (version 2014a), and the simulations are performed and analyzed with the proposed control strategy to identify its performance. The simulation results show that the OSMC controller tuned using a GA has better control performance than the traditional SMC controller.
Introduction
The suspension system is one of the most important parts of the vehicles, which can reduce the impact loads from the road to improve the automotive ride comfort and stability. Compared with the passive and semi-active suspension systems, the active suspension system can supply energy from an external source and generate force to achieve the desired performance [1] . The active suspension system is widely used in vehicles because of its outstanding control characteristic and performance.
The performance indicators for the vehicle suspension mainly consist of the ride comfort, suspension deflection, and road holding; however, these three indexes usually conflict with each other. For instance, improving the ride comfort leads to the increase of the suspension deflection and the decrease of the tire road holding [2] . As a result, it is essential to find an appropriate control strategy for the active suspension system to balance the relationships among the above three performance indexes effectively. Younes [3] proposed the minimum time controller design using singular perturbation method for a quarter car active suspension system. Peng Wang [4] proposed a new design method of fractional skyhook damping control for full-car suspension based on the principle of modal coordinate transformation. Huang [5] presented a novel control strategy for a nonlinear uncertain vehicle active suspension system without using any function approximators. Bououden [6] designed a robust predictive control for a nonlinear active suspension system. Kumar [7] introduced the self-tuned robust fractional order fuzzy PD (proportion and differential) controller for uncertain and nonlinear active suspension system, but their tuning method requires human experience to construct the fuzzy rules [8] . Bharali [9] proposed the linear quadratic regulator (LQR) and fuzzy logic controller for active
The Structure and Control Principle of the Active Suspension System
In addition to transferring the reaction force directly to the chassis, the design of the suspension system aims to relax the road surface impact, attenuate vibration, ensure vehicle ride comfort and stability control capacities. The active suspension system includes an actuator, a matching sensor, and a control unit that can input force and displacement to the suspension system based on the passive suspension system. The actuator can generate force according to the real-time changes of the road input and the vehicle status, thereby compensating for the disturbances produced by road irregularities and obtaining a good shock absorption effect [20] . The control principle of the active suspension system is shown in Figure 1 . As shown in Figure 1 , the active suspension system consists of three parts: the wheel module, the controller module, and the actuator module. First, the controller receives the signals of the road information from the displacement sensor, and then the controller controls the output displacement of the actuators independently, thus controlling the posture of the vehicle. The displacement sensors installed on the wheels are used to transmit the vertical displacement caused by road irregularities to the controller.
Modeling of the Active Suspension System

Dynamic Model of Quarter Car Active Suspension System
As shown in Figure 1 , the quarter car model is selected as the model of the suspension system, which is simple and can capture important characteristics of full model [3, 28] . A quarter car active suspension model considered in this work is taken from Reference [29] , as shown in Figure 2 . From Figure 2 and Newton's second law, the dynamic equations of the quarter car model are presented in Equation (1): As shown in Figure 1 , the active suspension system consists of three parts: the wheel module, the controller module, and the actuator module. First, the controller receives the signals of the road information from the displacement sensor, and then the controller controls the output displacement of the actuators independently, thus controlling the posture of the vehicle. The displacement sensors installed on the wheels are used to transmit the vertical displacement caused by road irregularities to the controller.
Modeling of the Active Suspension System
Dynamic Model of Quarter Car Active Suspension System
As shown in Figure 1 , the quarter car model is selected as the model of the suspension system, which is simple and can capture important characteristics of full model [3, 28] . A quarter car active suspension model considered in this work is taken from Reference [29] , as shown in Figure 2 . From Figure 2 and Newton's second law, the dynamic equations of the quarter car model are presented in Equation (1):
where m s and m u stand for the sprung mass and the unsprung mass, respectively,k t represents the spring stiffness between tire and road, k s denotes the spring stiffness between tire and car body, c s denotes the damping coefficient between tire and car body, F indicates the control force output from actuator, z u is the vertical displacement of unsprung mass, z s denotes the vertical displacement of sprung mass, and z q represents the vertical displacement caused by road surface irregularity. The state vector of the quarter car suspension system is selected as X :
The state equation of the quarter car suspension system is established in Equation (3):
where Y is the output equation of the suspension system, the matrix , , ,
A B K C , and D are constants and with appropriate dimensions, the matrix W is the disturbance vector input from the road, and the matrix U is the control vector input from the controller. The matrices , , , , , A B K C D W and U are shown as follows: 
Random Road Inputs Model
For the active suspension system, the vibration generated inside a vehicle body is usually ignored, and the unevenness of the road surface is the most important factor that affects the vehicle The state vector of the quarter car suspension system is selected as X:
where Y is the output equation of the suspension system, the matrix A, B, K, C, and D are constants and with appropriate dimensions, the matrix W is the disturbance vector input from the road, and the matrix U is the control vector input from the controller. The matrices A, B, K, C, D, W and U are shown as follows:
For the active suspension system, the vibration generated inside a vehicle body is usually ignored, and the unevenness of the road surface is the most important factor that affects the vehicle ride comfort. The model of random road surface is generally selected as the most commonly used in simulation, such that more results and greater significance can be obtained [30] . The expression for z q is shown in Equation (5): where f 0 represents the lower frequency cut-offs, G 0 (n 0 ) denotes the coefficient of the road irregularities, ν is the speed of the vehicle, n 0 is the reference space frequency, and w(t) is the white noise signal of the road. According to the classification standard of the road roughness [31] , the value of n 0 is 0.1 m −1 and G 0 (n 0 ) of the C level road is any value between 0.000128 and 0.000512. In this paper, the level C road is taken as the simulation road because of its large coverage in China. The random road's simulation model based on MATLAB/Simulink (version 2014a, United States) is shown in Figure 3 , and its data is displayed in Table 1 . As a result, the input displacement of the level C road of the quarter car suspension with a speed of 20 m/s is shown in Figure 4 .
where 0 f represents the lower frequency cut-offs, 0 0 ( ) G n denotes the coefficient of the road irregularities, ν is the speed of the vehicle, 0 n is the reference space frequency, and ( ) w t is the white noise signal of the road.
According to the classification standard of the road roughness [31] , the value of 0 n is 1 0.1m − and 0 0 ( ) G n of the C level road is any value between 0.000128 and 0.000512. In this paper, the level C road is taken as the simulation road because of its large coverage in China. The random road's simulation model based on MATLAB/Simulink (version 2014a, United States) is shown in Figure 3 , and its data is displayed in Table 1 . As a result, the input displacement of the level C road of the quarter car suspension with a speed of 20 m/s is shown in Figure 4 . 
Evaluation Index of the Suspension System
The optimization control of the suspension system is mainly used to raise the driving amenity, which is the main measure of the objective function. Typically, the evaluation of the suspension performance is subject to the monitoring of the passengers' maximum absolute vertical acceleration s z  (which relates to the ride comfort), wheel hop u q z z − (which relates to the vehicle stability on the road and displacement, and s u z z − (which relates to the suspension rattle space) in the suspension system [32] . In order to trade off the three performance requirements, a quadratic objective function 
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Evaluation Index of the Suspension System
The optimization control of the suspension system is mainly used to raise the driving amenity, which is the main measure of the objective function. Typically, the evaluation of the suspension performance is subject to the monitoring of the passengers' maximum absolute vertical acceleration .. z s (which relates to the ride comfort), wheel hop z u − z q (which relates to the vehicle stability on the road and displacement, and z s − z u (which relates to the suspension rattle space) in the suspension system [32] . In order to trade off the three performance requirements, a quadratic objective function expression is taken as the performance index based on the quadratic optimal control theory, which is shown in Equation (6):
where T represents the total travel time of the vehicle, and δ 1 , δ 2 denote the weight coefficients of the wheel hop and the displacement in the suspension system, respectively.
The OSMC Controller Design
As a variable structure control strategy, the SMC strategy is different from other control strategies because of its discontinuity, which ensures the structure of the system can change over time. The variable structure control with sliding mode aims to lead the state trajectory of the system to a surface in the state space and ensure that it holds to this surface by means of a high-speed switching control law [19] . The whole design process of OSMC consists of three steps: the design of sliding surface, the build of control law, and the optimization of switching function based on GA.
Design of Sliding Surface
Considering a continuous-time system in the regular form given by Equation (3), a switching function S(X) is defined as below:
where X is the state vector, and C T is the switching matrix C T = c 1 c 2 c 3 1 .
According to the design criteria of the sliding surface, the polynomial p 3 + c 3 p 2 + c 2 p + c 1 should satisfy the Hurwitz law [17] . Based on the modern control theory, the controllability of the linear switched systems is found to be invariant for any nonsingular transformation. The nonsingular transformation is applied to X based on the controllability of matrices A and B, which is shown from Equation (8) and Equation (9):
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The values of the matrices in Equations (8) and (9) are shown as follows:
The switching function can be rewritten after substituting Equation (9) into Equation (7) as follows:
The values of the matrix in Equation (11) can be seen as follows:
According to the properties of the sliding surface in SMC, it is easy for us to know that the value of Equation (11) should be equal to 0. As a result, Equation (13) is obtained under the condition of the above Equation (12):
Substituting Equation (13) into Equation (11), Equation (14) can be obtained as follows:
The characteristic polynomial of Equation (14) should satisfy the Hurwitz criteria to ensure the stability based on the theory of SMC. The characteristic polynomial of Equation (15) is shown in Equation (16) , and Equation (17) can be obtained according to Equations (15) and (16):
In order to satisfy the Hurwitz criteria, the value of p should be greater than 0, which can ensure the roots of the characteristic equation (Equation (15)) are negative real numbers. As a result, Equation (17) can be rewritten as Equation (18):
Establishment of the Control Law
In order to improve the dynamic quality and eliminate the chattering phenomenon of the SMC caused by its switching characteristic, the exponential reaching law is applied, which is shown in Equation (19) :
where ε e is the coefficient that determines the speed of reaching the switching surface, ε e > 0; and k e is the coefficient that determines the speed before reaching switching surface, k e > 0. According to Sections 3 and 4 mentioned above, Equation (19) could be rewritten as Equation (20), and the switching function can be obtained, which is shown in Equation (21):
As shown in Figure 5 , the simulation model of the SMC is established in MATLAB/Simulink (version 2014a) based on the above conditions. 
Optimal Tuning of the Switching Function Based on GA
As a GA is an efficient optimization method in solving complex problems of high-multimodal, multi-dimensionality, nonlinear, discrete, and discontinuous characters, it has been widely used in engineering fields in the past few years [23] . Thus, a GA is applied in this paper to optimize five parameters ( 1 2 3 , , , , GA can find the optimal control gain automatically, such that the control system performance is closer to the expected value [33] . Penalty function methods have been widely used in GAs for constrained optimization problems in the last few years. This method transforms the constrained optimization problem into an unconstrained one by penalizing the objective function corresponding to the infeasible solution [34] . According to the given constraints in Sections 4.1 and 4.2, the penalty function is given in Equation 
The objective function J proposed in Equation (6) could reflect the performance of the optimized results. The smaller the value of J , the better the control performance of the OSMC controller. Hence, the fitness function is defined based on J , which is shown below: 
As a GA is an efficient optimization method in solving complex problems of high-multimodal, multi-dimensionality, nonlinear, discrete, and discontinuous characters, it has been widely used in engineering fields in the past few years [23] . Thus, a GA is applied in this paper to optimize five parameters (c 1 , c 2 , c 3 , ε e , k e ) of the SMC controller. Based on the maximum of the fitness function, a GA can find the optimal control gain automatically, such that the control system performance is closer to the expected value [33] .
Penalty function methods have been widely used in GAs for constrained optimization problems in the last few years. This method transforms the constrained optimization problem into an unconstrained one by penalizing the objective function corresponding to the infeasible solution [34] . According to the given constraints in Sections 4.1 and 4.2, the penalty function is given in Equation (22):
The objective function J proposed in Equation (6) could reflect the performance of the optimized results. The smaller the value of J, the better the control performance of the OSMC controller. Hence, the fitness function is defined based on J, which is shown below:
When the fitness function reaches the maximum, the OSMC controller has the best control results, and then the five parameters (c 1 , c 2 , c 3 , ε e , k e ) of the OSMC controller are optimal. The procedures of a GA in the present study are illustrated in Figure 6 . Step1. The initial population is created based on the binary coding rules.
Step2. Calculate the corresponding fitness values using Equation (23) . Individuals are selected according their fitness value. Those individuals with maximum fitness are copied to the next generation.
Step3. Once the iteration criterium is satisfied, the GA optimization is concluded; otherwise, the next step is conducted.
Step4. A new generation of individuals (i.e., selection) is obtained through the application of genetic operators (i.e., crossover, mutation).
Step5. The GA algorithm concludes once the maximum number of generations is reached. Otherwise, repeat step 4.
The parameters related to the GA-based optimization algorithm are shown in Table 2 . For the purpose of reducing the optimization time, the ranges of OSMC parameters are selected based on Equations (16)- (18) and Table 3 as follows. 
The relationship between genetic algebra and the fitness function values in the process of GA Step1. The initial population is created based on the binary coding rules.
The parameters related to the GA-based optimization algorithm are shown in Table 2 . Table 2 . Parameters related to the GA-based optimization algorithm.
Parameter Value
Population size 100 Crossover probability 0.5 Mutation probability 0.02 Maximum number of generations 30 For the purpose of reducing the optimization time, the ranges of OSMC parameters are selected based on Equations (16)- (18) and Table 3 as follows. The relationship between genetic algebra and the fitness function values in the process of GA optimization based on MATLAB/Simulink (version 2014a) is shown in Figure 7 , and the optimized results are shown in in Section 5. 
Simulations and Analysis
In order to verify the control performance of the OSMC controller optimized by the GA, the models of the passive suspension system and the active suspension system with SMC controller were also built in MATLAB/Simulink. The model of the whole system is shown in Figure 8 , and the related parameters of the whole system used in simulations are listed in Table 3 .
Active suspension system with SMC controller
Active suspension system with OSMC controller Figure 7 . The relationship between the fitness function value and the generation.
Simulations and Analysis
In order to verify the control performance of the OSMC controller optimized by the GA, the models of the passive suspension system and the active suspension system with SMC controller were also built in MATLAB/Simulink. The model of the whole system is shown in Figure 8 , and the related parameters of the whole system used in simulations are listed in Table 3 . The values of c 1 , c 2 , c 3 , ε e , k e were obtained through the GA proposed in Section 4.3 based on the other values in Table 3 . The values of δ 1 and δ 2 are cited from Reference [35] , which is obtained based on the analytic hierarchy process method.
For the passive suspension system, its parameters (m u , m s , k t , k s , c s ) are the same as the quarter active suspension system. For the active suspension system with an SMC controller, the related values of the SMC controller were c 1 = −3, c 2 = 3, c 3 = 1, ε e = 35, k e = 0.01, which are quoted from Reference [36] . The optimal parameters (c 1 , c 2 , c 3 , ε e , k e ) of Table 3 were put into the OSMC controller. In other words, the state equations of the three suspension systems are the same, the only difference is the control strategy.
Based on the above conditions, the simulations based on MATLAB/Simulink were carried out, and the simulation results are listed from Figures 9-12. Algorithms 2018, 11, x FOR PEER REVIEW 12 of 17 Table 3 were put into the OSMC controller.
In other words, the state equations of the three suspension systems are the same, the only difference is the control strategy. Based on the above conditions, the simulations based on MATLAB/Simulink were carried out, and the simulation results are listed from Figures 9-12. Based on the curves shown from Figures 9-12 , the indicators of the active suspension system with an OSMC controller, SMC controller, and passive suspension system can be clearly analyzed. In the aspects of vertical acceleration .. z s , the active suspension systems excelled over the passive system, and the OSMC controller performed significantly better than the SMC controller in the active suspension system.
For a better comparison of the indexes of the three suspension systems, the root mean square (RMS) values of indicators are listed in Table 4 . As shown in Table 4 , the vertical acceleration .. z s of the OSMC controller decreased 17.28% and 8.1% more than the SMC controller and passive systems, respectively. The comprehensive performance index J of OSMC controller decreased 12.73% and 33.4% more than the SMC controller and passive systems, respectively. The vertical acceleration of the sprung mass is the most important riding comfort performance index [7] [8] [9] . As a result, the OSMC controller performed better than others in the aspect of riding comfort. As can be seen from Figures 10 and 11 and Table 4 , the differences of z u − z q and z s − z u among the three suspension systems was significantly small, which indicated that the vehicle stability and the suspension rattle space were almost the same. According to the above analyses, we can come to the conclusion that the active suspension system with the OSMC controller had better performance than that of the SMC controller and the passive suspension system.
In order to demonstrate the validity of the OSMC controller proposed in this paper, two active suspensions mentioned in References [7, 9] were optimized, and the results are shown in Figures 13 and 14 Based on the curves shown from Figures 9-12 , the indicators of the active suspension system with an OSMC controller, SMC controller, and passive suspension system can be clearly analyzed. In the aspects of vertical acceleration s z  , the active suspension systems excelled over the passive system, and the OSMC controller performed significantly better than the SMC controller in the active suspension system. For a better comparison of the indexes of the three suspension systems, the root mean square (RMS) values of indicators are listed in Table 4 . As shown in Table 4 , the vertical acceleration s z  of the OSMC controller decreased 17.28% and 8.1% more than the SMC controller and passive systems, respectively. The comprehensive performance index J of OSMC controller decreased 12.73% and 33.4% more than the SMC controller and passive systems, respectively. The vertical acceleration of the sprung mass is the most important riding comfort performance index [7] [8] [9] . As a result, the OSMC controller performed better than others in the aspect of riding comfort. As can be seen from Figures  10 and 11 and Table 4 , the differences of u q z z − and s u z z − among the three suspension systems was significantly small, which indicated that the vehicle stability and the suspension rattle space were almost the same. According to the above analyses, we can come to the conclusion that the active suspension system with the OSMC controller had better performance than that of the SMC controller and the passive suspension system. In order to demonstrate the validity of the OSMC controller proposed in this paper, two active suspensions mentioned in References [7, 9] were optimized, and the results are shown in Figures 13  and 14 , respectively. As shown in Figure 13 , the RMS of the vertical acceleration s z  decreased 19.34% compared with the optimum results in Reference [7] based on the OSMC controller. The optimized results in Reference [9] are shown in the form of figures, and the optimum vertical acceleration s z  with the OSMC controller are exhibited in Figure 14 . Comparing with the vertical acceleration figure in Reference [9] , it can be found from Figure 14 that the maximum amplitude was smaller, which means that the OSMC controller performed better. 
Conclusions
This paper proposed an OSMC controller that is used to control the active suspension system for better ride control. Furthermore, a GA is applied to optimize the SMC switching function and the parameters of the control law (exponential reaching law) to achieve the best control performance that minimizes the objective function. Models of three different suspension systems were established in this paper, and the simulations based on MATLAB/Simulink were performed. The simulation results revealed that the comprehensive performance index of the OSMC controller decreased 12.73% and 33.4% over the SMC controller and the passive system, respectively. We can draw the conclusion that the OSMC controller based on a GA has a better control effect than the traditional SMC controller and the passive suspension system. Moreover, the comparison between the OSMC controller and other controllers mentioned in References [7, 9] demonstrate that the OSMC controller proposed in this paper had better performance.
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